Introduction.
Let C consist of a finite number of mutually exterior rectifiable Jordan curves in the complex z-plane; denote the sum of their closed interiors by C. Let u(z) be harmonic in the interior points of C and continuous on C. The purpose of the present paper is to study the relation between the modulus of continuity of u(z) on C and approximation to u(z) on C by harmonic polynomials when degree of approximation is measured (i) in the sense of Tchebycheff and (ii) in the sense of least pth powers. The corresponding problem for analytic functions is also treated. The special case that u(z) satisfies a Lipschitz condition of order a, 0<a^l, has been extensively studied (for example [ll] ) (2) .
Let w = <j>(z) map the exterior of Cconformally (not necessarily uniformly) onto \w\ > 1 so that the points at infinity in the two planes correspond.
Denote by Cr the locus |<£(z)| =R, R>1, which lies in the exterior of C. Our study of approximation to functions by sequences of polynomials is divided into Problems a and ß. In Problem a we investigate the relation between continuity properties on C of the function and degree of convergence on C of approximating polynomials; in Problem ß we investigate the relation between continuity properties on Cr of the function and degree of convergence on C of the approximating polynomials.
For each of these problems, results obtained are of two types: direct theorems and indirect theorems. In a direct theorem given certain continuity properties of a function, we establish the existence and degree of convergence of a sequence of approximating polynomials; in an indirect theorem given a sequence of polynomials converging to a function with a certain degree, we establish continuity properties of the function.
We shall understand by a harmonic function or harmonic polynomial a real harmonic function or polynomial. The letter s will denote arc-length measured along the curve in question; dku(z)/dsk will indicate the Mh derivative of u(z) with respect to arc-length 5. For any function F(z), F(0)(z)=F(z).
The letter k will be reserved for positive integers and zero. The letters L and M with or without subscripts denote positive constants which may vary from one theorem and its proof to another and may depend on the point sets involved, Presented to the Society, October 30, 1948; received by the editors August 8, 1950 . 0) A portion of this material is from my doctorate thesis written at Radcliffe College under the direction of Professor J. L. Walsh; part of it was obtained while I held the Vassie James Hill A.A.U.W. Fellowship. (2) Numbers in brackets refer to the bibliography at the end of the paper. 1 defined as the maximum of wy(ô), 1 Sjuß-If F(z) satisfies a Lipschitz condition of order a on E, then clearly w(ô) i¿Lh". It follows from the definition of w(ô) that co(ô) is a nondecreasing function of 5 and that lima^ow(ô) =0. Moreover, if co(ôi) =0 for some hx^Q, then F{z) =L¡ for z in Ej, and hence o)(ô) =0. For let Zo be any point of E¡; F{z) is constant on the set of points f which belong to Ej and are such that |f -z0| á §i-By covering Ej with a finite number of suitably chosen overlapping circles, we obtain that F(z) is identically constant in Ej. S(X+1H(S); hence wy(X8) ^ (X+l)co(5), and co(X5) S(X+1)ù>(5). Theorem 2.2. Let the Ej consist of a finite number of mutually disjoint rectifiable Jordan arcs and curves. If for every arc of each Ej, the ratio of the length of that arc to the length of its corresponding chord is less than a constant A, andif\>Q, then w(XS) S(^X+l)co(5).
Suppose F{z) = Fjf{s), z on E¡. Denote by w*(ô) the modulus of continuity of F*{s) on 0^s¿aj, <Tj the length of Ej. By the use of Theorem 2.1 we obtain wy(XS) S u*(A\ô) S (A\ + l)w*(ô) S (A\ + l)co,(5) S (,4\ + l)io(a), and the theorem follows. Under the hypothesis on the C¡, it is known (see for example [7 We shall in the remainder of this paper frequently use the notation <o(5) for a majorizing function of the modulus of continuity rather than for the actual modulus of continuity.
When «(5) does denote the modulus of continuity, this fact will always be stated. IfWi(ô) denotes a majorizing function of the modulus of continuity w(5), then Theorem 2.4 is clearly valid when w(ô) is replaced by coi(5) in inequality (2.2). By the use of simple algebraic inequalities the following result is easily proved :
Theorem 2.5. Let F(z) and G(z) be two real or complex functions continuous on E, where E is composed of a finite number of mutually exterior Jordan arcs, Jordan curves, and closed Jordan regions. Suppose the respective moduli of continuity of F(z) and G(z) on E are not greater than «(5). Then (i) the modulus of continuity of F{z)-G{z) on E is less than Miw(5) ; (ii) if \ F(z) \ is bounded from zero on E, the modulus of continuity of \/F{z) on E is less than M^ih); (iii) if F(z)^L>0 on E, the modulus of continuity of [F(z)]1!2 on E is less than M3o)(t>).
We study next the effect of certain conformai mappings on the modulus of continuity.
Let C be a rectifiable Jordan curve in the z-plane; let z = x(w), where w = reiB, map | w\ <1 one-to-one and conformally onto the interior of C. Theorem 2.6. Let C be a rectifiable Jordan curve such that for every arc of C the ratio of the length of that arc to the length of its corresponding chord is less than a constant A ; suppose there exist constants Li and Li such that Li | 51 is |x(ei(9+5))-x(ei9)| ^L2\ ô\. Let F(z) be continuous on C, and suppose dkF(z)/dsk is continuous on C with modulus of continuity w(ô). If ks^l, suppose f(4)(0), 7i(k)(6) exist and are continuous on 0^d^2ir with moduli of continuity not greater than L3co (5 For ¡¡¡ti, the hypothesis on C and Theorem 2.4 yield for |0i -02| US:
where z" = x(ei9")-It is readily shown by applying Theorems 2.4 and 2.5 to dks(6)/ddk, when the latter is expressed in terms of the derivatives of ¿"(0) and t\(0), that dks/ddk has modulus of continuity on 0^0S27T less than ilíaco (5) . This fact together with Theorem 2.5 and inequalities (2.3) yields the desired result when Ä(t)(0) is expressed in terms of d's/dd' and d'F/ds',j = \, ■ ■ ■ , k. To relate the moduli of continuity of F(k)(z) and dkF/dsk we have Theorem 2.7. Let C be a rectifiable Jordan curve such that for every arc of C the ratio of the length of that arc to the length of its corresponding chord is less than a constant A. Let z = t{s) be the equation of C; suppose ¿^'(s), &=;1, is continuous with modulus of continuity not greater than w(5). Let F(z) be defined on C. Then a necessary and sufficient condition that Fm(z) exist and be continuous on C with modulus of continuity not greater than Lco(5) is that dhF/dsk exist and be continuous on C with modulus of continuity not greater than Liw(S). Theorem 2.7 is readily established using methods employed above. 3. Problem a, direct. Tchebycheff approximation.
By a harmonic polynomial pn(z) of degree n we shall mean the real part of a polynomial in z of degree n. The degree of a polynomial will always be indicated by its subscript. None of the coefficients of pn(z) is assumed to be different from zero. When polar coordinates (r, 0) are introduced in the z-plane, the problem of approximation on the unit circle by harmonic polynomials becomes a problem in trigonometric approximation. A trigonometric sum of order n, Tn(d) = 2Z"-o (at cos kQ+bk sin k9), may be regarded as the boundary values on | z| = 1 of a harmonic polynomial pn(z) of degree n, and conversely. When we refer to a function of z which is harmonic or analytic in several mutually exterior regions, we do not imply that there is any relationship between the values of the function for z in different regions. Here and throughout we write "there exist polynomials" rather than "for each «,« = 1,2, • • • , there exists a polynomial of degree n."
The case that dku/dsk satisfies a Lipschitz condition of order a on C is treated in [ll] . The method used below to prove Theorem 3.1 is a modification of one due to Curtiss [2] . Curtiss mentions without elaborating that his method may be used for analytic functions in connection with the modulus of continuity.
We now prove Theorem 3.1. Let C consist of the Jordan curves C", v = \, • ■ • , X. Let z = xÁw)t w = reie, map the interior of \w\ = 1 one-to-one and conformally onto the interior of C"; set u[xv(eiS)] = U,{9). It follows by Theorem 2.6 that Uf\d) has modulus of continuity on 0^0:S 27r less than Afiw Here and in following similar situations it is sufficient to assume the existence of f(k)(z) on the boundary merely in the one-dimensional sense.
Set f(z)=u(z)+iv(z). It follows by Theorem 2.7 that dku(ew)/dßk and dkv(e'e)/ddk, z = reie, have moduli of continuity on OS0S27T less than Mxu(S). If the Fourier coefficients of u(eis) are a¡, b¡, then those of v{eiB) are -b¡, a¡, where we assume without loss of generality that z>(0)=Z>o = 0; hence in the notation of Theorem 3.1 we have
Lemma 3.2 follows if we define ir"(z) as yXn dn,j{aj -ibj)z'. Lemma 3.2 and the method used to establish Theorem 3.1 yield Theorem 3.3. Let C consist of a finite number of mutually exterior analytic Jordan curves. Let f(z) be analytic in the interior of C and continuous in C. Suppose fw(z) exists and is continuous on C with modulus of continuity u(5), ü)(8)fé0. Then there exist polynomials tt"(z) in z such that .
. 
By a well known result we thus have that for almost all 0, U(w) approaches a limit U(e'e) as w approaches ei9 in angle from the interior of \w\ =1, and U(ea)ÇzLp on 0^0^2x.
Since at almost every point of \w\ =1 the transformation z = x(w) is conformai To aid in the establishment of further direct results for Problem a we prove Theorem 4.1. Let C be a rectifiable Jordan curve and let z0 be a point inside C; let z = x{w) map \w\ <1 onto the interior of C so that z0 = x(0). Suppose that for all Wi and w?. on \w\ =1 we have
Lei m(z) &e harmonic in the interior of Cand suppose fT \ u(z) \ pds ^M, 0 <r < 1, where p>\.
wAere Afp depends only on p.
In Theorem 4.1 and following similar situations we suppose/(z) to be defined for z on C as the limit of/(f) as £" approaches z in angle from the interior [July of C. Under the hypothesis of Theorem 4.1 this limit exists and is independent of the path of approach for almost all z on C, as will appear from the proof of Theorem 4.1.
Inequality
(4.3) has been established for the unit circle by M. Riesz [6, p. 225].
Under the hypothesis on C, it is known (see for example [7 We establish in detail only (4.6) ; the same method of proof establishes (4.7), provided we substitute in the proof use of (4.4) for use of (4.3). By Theorem 3.1 there exist harmonic polynomials pm(z) such that In the preceding two sections from given continuity properties of a harmonic or analytic function we have derived results on degree of convergence to the function of a sequence of approximating polynomials.
In this section we study the converse question for approximation in the sense of Tchebycheff. We establish our theorems for a single closed Jordan region, but the same theorems clearly hold for a finite number of such regions which are mutually exterior. Definition 5.1. A curve C is said to be of Type D if (i) C is a rectifiable Jordan curve such that for every arc of C the ratio of the length of that arc to the length of its corresponding chord is less than a constant A ; and (ii) there exists a number ôo>0 such that through any point P of C there is a circle of radius 5o whose closed interior lies in C.
We shall need the following two theorems [ll, Theorems 7.2, 7.4], the first of which is essentially due to Szegö: We henceforth assume £2(x) to be a real, non-negative function which is nonincreasing for x sufficiently large and which is such that f°°[Çl(x)/x]dx exists. The method to be used in proving the following theorem is a modification of one employed by de la Vallée Poussin [4, chap. IV] to establish results on trigonometric approximation. The harmonicity interior to C and continuity on C of u(z) follow from (5.1). Let a>l be an integer such that ß(x) is nonincreasing for x>a. By use of the triangle inequality and (5.1) we obtain, for j=l, 2, • • • ,
We write fl 00
where fi is a positive integer to be determined later. Indirect theorems may also be proved for curves not necessarily of Type D. Definition 5.2. A rectifiable Jordan arc or curve C is said to be of Type t, 1 ís¿Ss2, if (i) for every arc of C the ratio of the length of that arc to the length of its corresponding chord is less than a constant A ; and (ii) for R > 1 we have min |z -z*\ ^K(C)(R -1)', where zÇiC z*(ElCr, and K(C) is a positive constant depending on C but independent of R.
The method used to establish Theorem 5.3 together with known results [7, Theorem 2. Since the Lebesgue integral is used, the value of u(z) on a point set on C of measure zero has no effect on e". Therefore unless w(z) is assumed to be continuous on C, our results must concern the behavior of w(z) almost everywhere rather than everywhere on C. A corresponding remark applies to the analytic case. As in §5, it is sufficient to consider only a single curve.
The following theorem on polynomials will be useful:
Theorem 6.1. Let Cbea curve of Type D ; let pn(z) be a harmonic polynomial.
If p>0, then
where L depends only on C. The right side of (6.3) can be made arbitrarily small by choosing « sufficiently large, and the left side is a constant; therefore fc\ U-u\ pds = 0, and U(z) =u(z) almost everywhere on C.
Theorems 2.7 and 6.2 yield Theorem 6.3. Let the equation of C be z = t(s). In addition to the hypothesis of Theorem 6.2 suppose that t(k)(s) exists and is continuous with modulus of continuity which satisfies a condition of form (5.2). Then dku/dsk exists and is continuous on C with modulus of continuity which satisfies a condition of the same form.
The method used to establish Theorem 6.1 may be used to prove To show that for p = 2 the exponent of n cannot be improved in Theorem 6.7 we take C as the unit circle and pn(z) = 2I"-o r' cosjd.
Theorem 6.7 together with the method used to prove Theorem 6.2 yields The analogue of Theorem 6.7 for a polynomial 7T"(z) in z can clearly be proved by the method used to prove Theorem 6.7. We also have for surface integrals theorems corresponding to Theorems 6.3 and 6.5. The statement and proof of these theorems are left to the reader.
7. Problem ß, direct. Let C consist of a finite number of mutually exterior Jordan curves. Let z=ip(w) map | w\ > 1 conformally onto the complement of C so that the points at infinity in the two planes correspond to each other.
Walsh and Sewell [10] make the following definition: Corresponding direct theorems for Problem ß when approximation is measured by line and surface integrals are trivial corollaries of Theorem 7.1 ; their statement is left to the reader.
8. Problem ß, indirect. Tchebycheff theorems. Let C be a rectifiable Jordan curve; suppose Zo is a point interior to C. Let g(zo, z) denote Green's function for the interior of C with pole at z0, and let v denote the inner normal ; g(zo, z) is chosen to become positively infinite at Zo. With this notation we make Definition 8.1. A curve C is said to be of Type B if C is a rectifiable Jordan curve such that for some q>0 the integral fc[dg(zo, z)/dv]~" ds exists.
We prove now Then limnH.oe x"(z), z in Cr, exists. Iff{z) =lim",00 x"(z), z mí C«, i&era F(z) =/(z) almost everywhere on C and the conclusion of Theorem 8.1 is valid for f(z) and «(a).
We turn now to indirect theorems for Problem ß when degree of approximation is measured by a surface integral. We must first establish certain results on polynomials. Theorems 9.4-9.6 which follow are valid for any polynomial x"(z) in z of degree n. Western [12, pp. 861-863] has proved: Theorem 9.4. If C is an analytic Jordan curve, then ff_ I »»(*) \pdA S Mn* jj | xn(z) \HA, p > 1.
To be sure, Western states that the theorem is true for n sufficiently large; however, if the constant M is chosen suitably, the theorem will clearly hold for all positive integers n, since a polynomial of degree n is also a polynomial of degree m^n.
Western's result enables us to prove Theorem 9.5. Let C be an analytic Jordan curve; then f | a-n(z) \"ds ^Ln f (J x"(z) \HA, p > 1.
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